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We investigate the generation and the evolution of two-mode continuous-variable (CV) entan-
glement from system of a microwave-driven V-type atom in a quantum beat laser. By taking into
account the effects of spontaneously generated quantum interference between two atomic decay
channels, we show that the CV entanglement with large mean number of photons can be generated
in our scheme, and the property of the filed entanglement can be adjusted by properly modulating
the frequency detuning of the fields. More interesting, it is found that the entanglement can be
significantly enhanced by the spontaneously generated interference.
PACS numbers: 42.50.Dv, 03.67.Mn
I. INTRODUCTION
Quantum entanglement has become a fundamental resource for quantum information science, as it takes on extensive
potential in the application of quantum computation and quantum communication [1–12]. In particular, because of
the relative simplicity and high efficiency in the generation, manipulation and detection of optical continuous-variable
(CV) states [13–16], CV entanglement can offer an advantage in quantum information processing [17], and it has
been an important part of quantum information theory [17]. Therefore, more and more theoretical and experimental
efforts have been devoted to the generation of CV entanglement [18–24]. Meanwhile, on the aspect of theory, Simon
[25] and Duan et al [26] have proposed inseparability criterions for CV states, separately.
It has been proven to be efficient ways for generating the CV entangled beams that using of Nondegenerate para-
metric down conversion (NPDC) in a crystal [13, 27]. Besides, the preparation of the CV entangled light based
on the interaction of two-mode cavity fields with atoms coherently driven by laser fields has also been investigated
extensively. For example, Li et al. [28] considered the generation of two-mode entangled states of the cavity field
via the four-wave mixing process, by means of the interaction of properly driven V-type three-level atoms with two
cavity modes. Subsequently, Tan et al [29] extended the analysis of [28] and studied the generation and evolution of
entangled light by taking into account the effects of spontaneously generated interference between two atomic decay
channels. In an earlier study, Qamar et al. [30] proposed a scheme for generating of two-mode entangled states in a
quantum beat laser [31]. The system consists of a V-type three-level atom interacting with two modes of the cavity
field in a doubly resonant cavity, and the atom is driven into a coherent superposition of the upper two levels by a
strong classical field. They numerically studied the property of entanglement for different values of Rabi frequencies
in the presence of cavity losses. And Fang et al [32] extended the analysis of [30], investigating the influence of phase
and Rabi frequency of the classical driving field, cavity loss, and the purity and nonclassicality of the initial state of
the cavity field on the property of the resulting two-mode entangled state. Moreover, in recent years, more and more
theoretical and experimental efforts [21, 33–36] have been devoted to the generation of entanglement in macroscopic
light based on the single-atom laser.
Following by the work [30] and [32], we study the generating and evolution of two-mode CV entangled states from
system of V-type atom in a quantum beat laser [31] by taking into account the effects of spontaneously generated
interference. In our scheme, the two transitions in the V-type atom independently interact with the two cavity modes
and the two upper levels of the atom are driven by a strong classical field. We show that the CV entanglement with
large mean number of photons can be generated in our scheme and by properly modulating the frequency detuning of
the fields, the property of the filed entanglement can be adjusted. More interesting, it is found that the entanglement
can be significantly enhanced by the spontaneously generated interference, in the given situation.
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FIG. 1: Schematic diagram of the three-level atom system in a V configuration. Two (nondegenerate) cavity modes with
coupling constant g1 and g2 interact with the transition |a〉 ↔ |c〉 and |b〉 ↔ |c〉, respectively, while the atom transition
|a〉 ↔ |b〉 is driven by a strong magnetic field with Rabi frequency Ω. ∆1 and ∆2 correspond the frequency detunings.
II. MODEL AND MASTER EQUATIONS
Let us consider the atomic system for the quantum beat laser which is proposed by Scully and Zubairy [31]. It is
consist of a three-level atom with the V configuration interacting with two (nondegenerate) cavity modes and the two
upper levels of the atom are driven by a strong classical field. In Fig. 1, we show the the atomic level scheme.
The atom is pumped at a rate γa into the level |a〉. Use a strong magnetic field with Rabi frequency Ω to drive
the transition between |a〉 and |b〉, which is electric-dipole forbidden. While the two nondegenerate cavity modes of
frequencies ν1 and ν2 independently interact with the transitions |a〉 ↔ |c〉 (with ωac resonant frequency) and |b〉 ↔ |c〉
(with ωbc resonant frequency), respectively. ∆1 = ωac − ν1 is the detuning of the field g1 from the corresponding
atomic transition |a〉 ↔ |c〉. ∆2 = ωbc − ν2 is the detuning of the field g2 from the corresponding atomic transition
|b〉 ↔ |c〉.For simplicity, we’ll note ∆1 = ∆2 = ∆.
Then, under the dipole and rotating wave approximation, the total interaction Hamiltonian of our system can be
given in the interaction picture by (~ = 1)
VI = ∆ |a〉 〈a|+∆ |b〉 〈b|+ (−Ω |a〉 〈b|+ g1a1 |a〉 〈c|+ g2a2 |b〉 〈c|+H.c.), (1)
where the symbol H.c. means the Hermitian conjugate and we have taken the ground state |c〉 as the energy origin for
the sake of simplicity. Ω = |Ω| exp (iφ) describe the Rabi frequencies of the strong classical field and denote the phase
of classical fields with φ, and g1 and g2 are the atom−field coupling constants. aj (a†j) is the annihilation (creation)
operator of the corresponding cavity modes.
Considering the vacuum damping of the atom and the cavity modes, the reduced density equations of the cavity
fields (taking a trace over the atom degrees of freedom [37]) can be obtained from the Hamiltonian (1):
ρ˙f = −iT ratom[VI , ρ] + Tratom(Lfρ+ Laρ)
= −ig1[a†1, ρac]− ig2[a†2, ρbc] +
2∑
j=1
κj [aj , ρfa
†
j ] +H.c., (2)
with
Lfρ =
2∑
j=1
κj [aj , ρa
†
j ] +H.c., (3)
Laρ = γ1[sca, ρsac] + γ2[scb, ρsbc] + γ12([sca, ρsbc] + [scb, ρsac]) +H.c., (4)
3where Lfρ, Laρ are the vacuum damping of the cavity modes and atom, respectively. γ1, and γ2 are the decay
rates from the states |a〉 to |c〉,and |b〉 to |c〉, respectively. Meanwhile, γ12 = P√γ1γ2 represents the spontaneously
generated interference which is resulted from the cross coupling between the transitions |a〉 ↔ |c〉 and |b〉 ↔ |c〉,
and P =
−→
bac · −→bbc/(
∣∣∣
−→
bac
∣∣∣ ·
∣∣∣
−→
bbc
∣∣∣) = cos θ. Here
−→
bac and
−→
bbc represent the atomic dipole polarizations and θ is the angle
between the two dipole moments. From the expressions of the parameter P and γ12 we can find that the spontaneously
generated interference dependents on the angle between the two dipole moments. When the two dipole moments are
perpendicular to each other the interference effect disappears (p=0), and it will be maximal (p=1) if the two dipole
moments are parallel to each other. Note that κj (j = 1, 2) are the damping constants of two cavity modes
Based on the standard methods of laser theory in [37], considering the spontaneously decay of atom, ρac and ρbc
can be evaluated to the first order in the coupling constants g1 and g2 as
iρ˙ac = −iγ1ρac − iγ12ρbc +∆ρac − Ωρbc − g1ρ(0)aa a1 − g2ρ(0)ab a2 + g1a1ρ(0)cc , (5)
iρ˙bc = −iγ2ρbc − iγ12ρac +∆ρbc − Ω∗ρac − g1ρ(0)ba a1 − g2ρ(0)bb a2 + g2a2ρ(0)cc , (6)
where the density matrix elements ρ
(0)
ij can be obtained by the corresponding zeroth-order equations
iρ˙(0)aa = −2iγ1ρ(0)aa − iγ12(ρ(0)ba + ρ(0)ab )− Ωρ(0)ba +Ω∗ρ(0)ab +Ωaρf , (7)
iρ˙
(0)
bb = −2iγ2ρ(0)bb − iγ12(ρ(0)ba + ρ(0)ab )− Ω∗ρ(0)ab +Ωρ(0)ba , (8)
iρ˙
(0)
ab = −i(γ1 + γ2)ρ(0)ab − iγ12(ρ(0)aa + ρ(0)bb )− Ωρ(0)bb +Ωρ(0)aa , (9)
iρ˙
(0)
ba = −i(γ1 + γ2)ρ(0)ba − iγ12(ρ(0)aa + ρ(0)bb ) + Ω∗ρ(0)bb − Ω∗ρ(0)aa , (10)
iρ˙(0)cc = 0. (11)
Plugging the steady-state solution of ρ
(0)
ij into Eqs. (5-6), we find the steady-state solution for ρac and ρbc can be
described as:
ig1ρac = α11ρfa1 + α12ρfa2, (12)
ig2ρbc = α21ρfa1 + α22ρfa2, (13)
with the explicit expressions of the coefficients αij being given in Appendix. By substituting Eqs.(12-13) to the Eq.
(2), the reduced master equation govern the evolution of the cavity field can be obtained as
ρ˙f = −α11(a†1ρfa1 − ρfa1a†1)− α12(a†1ρfa2 − ρfa2a†1)
−α22(a†2ρfa2 − ρfa2a†2)− α21(a†2ρfa1 − ρfa1a†2)
+κ1(a1ρfa
†
1 − ρfa†1a1) + κ2(a2ρfa†2 − ρfa†2a2) +H.c.. (14)
Here we remain all orders in the Rabi frequency Ω whereas only consider second order in the coupling constants g1,
g2 due to that the coupling constants of two cavity modes are smaller than other system parameters in our scheme.
Thus we can ignore the saturation effects and operate in the regime of linear amplification.
III. ENTANGLEMENT OF THE CAVITY FIELDS
In this section, we use the sufficient inseparability criterion proposed by Duan et al [26]. to verify that CV entan-
glement with large mean number of photons can be obtained in our model, and study the property of entanglement
under the given conditions.
According to Duan’s criterion [26], the two cavity modes are entangled if and only if the sum of the variances of
the two Einstein-Podolsky-Rosen (EPR) type operators uˆ = xˆ1 + xˆ2 and vˆ = pˆ1 + pˆ2 satisfies the following inequality
〈
(∆uˆ)2 + (∆vˆ)2
〉
< 2, (15)
with the pair quadrature operators xˆj = (aj + a
†
j)/
√
2 and pˆj = −i(aj − a†j)/
√
2 (j = 1, 2) the local operators which
correspond to the mode at the frequency νj . By substituting xˆj and pˆj into equation (15), we can express the total
variance of the operators uˆ and vˆ in terms of the operators aj and a
†
j and achieve
〈
(∆uˆ)2 + (∆vˆ)2
〉
= 2[1 + 〈a†1a1〉+ 〈a†2a2〉+ 〈a1a2〉+ 〈a†1a†2〉
− 〈a1〉 〈a†1〉 − 〈a2〉 〈a†2〉 − 〈a1〉 〈a2〉 − 〈a†1〉〈a†2〉]. (16)
4With the help of equation (14),we can obtain the equations of motion for the expectation values of the field operators
in equation (16) as
∂
∂t
〈a1〉 = −(α11 + κ1)〈a1〉 − α12〈a2〉, (17)
∂
∂t
〈a2〉 = −(α22 + κ2)〈a2〉 − α21〈a1〉, (18)
∂
∂t
〈a†1〉 = −(α∗11 + κ1)〈a†1〉 − α∗12〈a†2〉, (19)
∂
∂t
〈a†2〉 = −(α∗22 + κ2)〈a†2〉 − α∗21〈a†1〉, (20)
∂
∂t
〈a†1a1〉 = −(α11 + α∗11 + 2κ1)〈a†1a1〉 − α12〈a†1a2〉 − α∗12〈a1a†2〉 − (α11 + α∗11), (21)
∂
∂t
〈a†2a2〉 = −(α22 + α∗22 + 2κ2)〈a†2a2〉 − α∗21〈a†1a2〉 − α21〈a1a†2〉 − (α22 + α∗22), (22)
∂
∂t
〈a†1a2〉 = −α21〈a†1a1〉 − α∗12〈a†2a2〉 − (α∗11 + α22 + κ1 + κ2)〈a†1a2〉 − (α∗12 + α21), (23)
∂
∂t
〈a1a†2〉 = −α∗21〈a†1a1〉 − α12〈a†2a2〉 − (α11 + α∗22 + κ1 + κ2)〈a1a†2〉 − (α12 + α∗21), (24)
∂
∂t
〈a1a2〉 = −α21〈a1a1〉 − α12〈a2a2〉 − (α11 + α22 + κ1 + κ2)〈a1a2〉, (25)
∂
∂t
〈a1a1〉 = −2(α11 + κ1)〈a1a1〉 − 2α12〈a1a2〉, (26)
∂
∂t
〈a2a2〉 = −2(α22 + κ2)〈a2a2〉 − 2α21〈a1a2〉, (27)
∂
∂t
〈a†1a†2〉 = −α∗21〈a†1a†1〉 − α∗12〈a†2a†2〉 − (α∗11 + α∗22 + κ1 + κ2)〈a†1a†2〉, (28)
∂
∂t
〈a†1a†1〉 = −2(α∗11 + κ1)〈a†1a†1〉 − 2α∗12〈a†1a†2〉, (29)
∂
∂t
〈a†2a†2〉 = −2(α∗22 + κ2)〈a†2a†2〉 − 2α∗21〈a†1a†2〉. (30)
By numerically solving these equations, we can give a few numerical results for the time evolution of the total photon
numbers 〈Nˆ〉 = 〈a†1a1〉 + 〈a†2a2〉 and
〈
(∆uˆ)2 + (∆vˆ)2
〉
with different values of parameter while the cavity modes are
assumed to be in the coherent state |10,−10〉, as illustrated in Figs. 2-4. It is easy to find that, the CV entanglement
with large mean number of photons from system of V-type atom in a quantum beat laser can be generated, and the
entanglement can be enhanced by the spontaneously generated interference. For simplicity, all the parameters used
here are scaled with g, and we have chosen φ = pi/2 during our numerical calculations.
By above knowable, γ12 = P
√
γ1γ2 represents the spontaneously generated interference. Therefore, in order to
check the effect of the spontaneously generated interference on the time evolution of entanglement, we can study the
property of entanglement for different values of atomic decay rates and the parameter P.
In Fig. 2, we show the plot of the time development of 〈(∆uˆ)2+(∆vˆ)2〉 and 〈Nˆ〉 for different values of atomic decay
rates, when the cavity field is initially in the coherent state |10,−10〉. From Fig. 2(a), one can find that the intensity
and period of entanglement can be enlarged by increasing spontaneous emission decay rates of the atom level, while
Fig. 2(b) illustrates that the effect of the atomic decay rates γj (j = 1, 2) on the maximum mean photon numbers
give a small extent.
In order to check the influence of P on the entanglement property, we numerically simulate the time evolution of
〈(∆uˆ)2 +(∆vˆ)2〉 and 〈Nˆ〉 for different values of P. As shown in Fig. 3(a), when the cavity field is initially in coherent
state |10,−10〉, the intensity of entanglement between the two cavity modes slightly enhances with the increase of
the value of P. With the same set of the parameters, Fig. 3(b) shows that the maximum mean photon numbers 〈Nˆ〉
become more pronounced with the increase of the value of P.
Up to now, we have investigated the the influence of spontaneous emission decay rates of the atom level and the
parameter P on the time evolution of entanglement. It is easy to find that, the entanglement can be enhanced by
no matter increasing the spontaneous emission decay rates of the atom level or increasing the value of P. Then we
conclude that, the spontaneously generated interference which depends on γj (j = 1, 2) and P, can strengthen the
entanglement.
We plot the influence of frequency detuning of the cavity field on the time evolution of entanglement under condition
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FIG. 2: The time evolution of 〈(∆uˆ)2 + (∆vˆ)2〉 (shown in Fig. 2(a)) and the total mean photon numbers 〈Nˆ〉 (shown in Fig.
2(b)) for different atomic decay rates γ (γ1 = γ2 = γ), when the cavity field is initially in the coherent state |10,−10〉. The
other parameters are κ1 = κ2 = 0.001g, P = 0.5, |Ω| = 10g, ∆1 = ∆2 = ∆ = g, γa = 5g and φ = pi/2.
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FIG. 3: The time evolution of 〈(∆uˆ)2 + (∆vˆ)2〉 (shown in Fig. 3(a)) and the total mean photon numbers 〈Nˆ〉 (shown in
Fig. 3(b)) different values of P, when the cavity field is initially in the coherent state |10,−10〉. The other parameters are
κ1 = κ2 = 0.001g, γ1 = γ2 = γ = g, |Ω| = 10g, ∆1 = ∆2 = ∆ = g, γa = 5g and φ = pi/2.
that the cavity field is initially in the coherent state |10,−10〉 (shown in Fig. 4). As shown in Fig. 4(a) that the
intensity and period of entanglement between the two cavity modes can be enlarged at one time by decreasing the
frequency detuning of the pump field ∆(∆1 = ∆2 = ∆). In addition, Fig. 4(b) illustrate that with the increased
of the detuning ∆, the maximum mean photon number is enlarged. This result implicates that in order to obtain
the entanglement of cavity modes with high intensity and longer period we can do that by properly adjusting the
frequency detuning.
Before conclusion, we should note that our scheme is drastically different from the conventional scheme of CV
entanglement generation [30, 32]. In our scheme, with decreasing the frequency detuning, our numerical results
showed that a long entanglement time and strong entanglement intensity can be synchronously achieved. It illustrates
that the entanglement of cavity modes with higher intensity and longer period can be realized in our scheme with
a low-Q cavity. And it can strengthen the entanglement by increasing the spontaneous emission decay rates of the
atom level and the value of the parameter P. The physical reason can be explained that no matter larger the atom
decay rates γj (j = 1, 2) or larger the value of P results in increasing the spontaneously generated interference which
can enhance the entanglement. All these distinguish advances illustrate that our scheme is drastically different from
the conventional scheme.
64 6 8 10 12 14
−120
−100
−80
−60
−40
−20
0
gt
〈(∆
u
)2 +
(∆
v)2
〉
 
 
∆=1g
∆=2g
∆=3g
(a)
0 50 100 150 200
102
103
104
105
gt
〈N
〉
 
 
∆=1g
∆=2g
∆=3g
(b)
FIG. 4: The time evolution of 〈(∆uˆ)2 + (∆vˆ)2〉 (shown in Fig.4(a)) and the total mean photon numbers 〈Nˆ〉 (shown in Fig.
4(b)) for different frequency detuning ∆(∆1 = ∆2 = ∆), when the cavity field is initially in the coherent state |10,−10〉. The
other parameters are γ1 = γ2 = g, κ1 = κ2 = 0.001g, P = 0.5, |Ω| = 10g, γa = 5g and φ = pi/2.
IV. CONCLUSION
In summary, we have proposed a new scheme to generate the CV entanglement and investigated the evolution of
it from a system of V-type atom in a quantum beat laser [31]. In this scheme, the two transitions in the V-type
atom independently interact with the two cavity modes while the two upper levels of the atom are driven by a
strong classical field. By taking into account the effects of spontaneously generated interference between two atomic
decay channels, and using the standard methods of laser theory [37], we show that, in the given conditions, the CV
entanglement with large mean number of photons can be realized in our scheme. And by properly modulating the
frequency detuning of the field can adjust the entanglement period, intensity and the total mean photon numbers of
two cavity modes. Different from the conventional scheme [30, 32], the CV entanglement of cavity modes with higher
intensity and longer period can be realized in our scheme with a low-Q cavity. Furthermore, our results showed that
the entanglement can be significantly enhanced by the spontaneously generated interference.
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National Natural Science Foundation of China under Grant Nos. 11374050 and 61372102, by Qing Lan project of
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Appendix A: coefficients
Here we give the expressions of the coefficients Aij and Bij (i, j = 1, 2) in Eqs. (12-14),
α11 = −g21[(R+ i∆)βaa + (iΩ− γ12)βba]/D1, (A1)
α12 = −g1g2[(R+ i∆)βab + (iΩ− γ12)βbb]/D1, (A2)
α22 = −g22[(R+ i∆)βbb + (iΩ∗ − γ12)βab]/D1, (A3)
α21 = −g1g2[(R+ i∆)βba + (iΩ∗ − γ12)βaa]/D1, (A4)
βaa = (2R
2 − γ212 + |Ω|2)Rγa/D2, (A5)
βbb = (γ12 + iΩ)(γ12 − iΩ∗)Rγa/D2, (A6)
βab = −(γ12 + iΩ)(2R2 − iγ12Ω− iγ12Ω∗)Rγa/(2D2), (A7)
βba = −(γ12 − iΩ∗)(2R2 + iγ12Ω + iγ12Ω∗)Rγa/(2D2), (A8)
with
D1 = (R + i∆)
2 − (iΩ− γ12)(iΩ∗ − γ12), (A9)
D2 = 4R
4 + 4R2|Ω|2 − 4R2γ212 − γ212(Ω + Ω∗)2, (A10)
7where we have assumed γ1 = γ2 = γ = R.
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